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A Note on Linear Transformation. 

By H. p. Manning. 



The following was suggested by a method which Professor Cayley has 
employed in his " Memoir on the Abelian and Theta Functions," in the American 
Journal of Mathematics, Vol. V. 

Suppose we have f(xi,Xi,....x^, a polynomial in h variables, and wish 
to transform it into a function of «/'s by the substitution 

Xi=2^(^iM {i=l, 2,....k). 

Represent it symbolically by a" where 

a^ = aiXi + a^Xi +.... + atX/c, 
and let the transform be Ay , where 

A '— ^iVi + Ay% + — + -^i^k- 

If we let hi defiote the polar operation, namely, 

then 

A^ = Otflta, , 

AiAj — h^a^ . Sjtt^ = i StSjal , 
and in general, 

AaAb — 2 SoX5 „a 

JiiJij • • • • — /^ 1 j[, I ^ ^ ^ \\OiOj' •' -"sc 

Hence A^ may be written 

^ (yA + yA + — + 2/A)*<, 



+»+. 
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that is, / becomes 

1^ [yA + yA + — + ykkYf- 

We can write down at once a formula for the coeflBcient of any term: 
coefF. of 2/?2/l. . . . = a\h\,..^ '^^'^' ' ' '-^ {a + h + . . . . =n)' 

In each case there are n polar operations, and these will always introduce the 
same numerical factor, n ! 

The n polar operations remove all the x's and replace them by a's. More- 
over, ^"/is equivalent to /with all the tc's replaced by an, a^ .... , and we may 
in any particular case reduce the number of polar operations actually to be per- 
formed by a number equal to the highest exponent in the term. For example, 
to obtain ^f^5~y we have only to perform the operation 

(°^" a^,+ «^^ a^ + • • • O-^^"^^' ""''' '•■'^- 

Example : Suppose we wish to transform the cubic 
/= ax^ + %^ + cz^ — Slxyz 



by the substitution 



we have 



X = tti^ + a2 7^ -f- cts^y 
z = 7iX + 72 F -f YsZ, 






dx ^^* dy ^ ^' dz ' 
S.f =z 3 {aafX^ + h(3iy^ + cy^s* — 2laiyz — 2l^iZx — lljiXy) , 
S^§jf=: 6 (aafajX + . . . . — Jaf^jZ — ••••)> 
.-. /= (aal + b^l + cy\ - Qla.^.y^) X' + . . . . 

+ 3 (aafttg -f- .... — iiPiy-iO.^ .)X^Y -{-... . 

-\- 6 {aaia^z + • • • • — ^^i/^a/s — . . • .) XYZ. 



